Let be a commutative semigroup if not otherwise specified and : → R. In this paper we consider the stability of exponential functional equations
Introduction
Throughout this paper we denote by R, R + , C, R the set of real numbers, nonnegative real numbers, complex numbers, and the -dimensional Euclidean space, respectively, and : → R + , ≥ 0. A function : → C is called exponential provided that ( + ) = ( ) ( ) for all , ∈ and : → is called an involution provided that ( + ) = ( ) + ( ) and ( ( )) = for all , ∈ . In [1] , Baker proved the stability of the exponential functional equation: let : → C satisfy the exponential functional inequality
for all , ∈ . Then, either is a bounded function satisfying
for all ∈ , or is an unbounded exponential function (see also Baker et al. [2] ). In particular, if = , where is a vector space over the field Q of rational numbers and : → R is a bounded function satisfying (1) for 0 ≤ < 1/4, then satisfies either
for all ∈ , or else
for all ∈ (see Albert and Baker [3] ). In [4] [5] [6] , some functional equations arising from number theory or product of matrices are introduced. The equations therein can be reduced to the functional equations with involution : → :
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for all , ∈ . In Section 3, as a consequence of our main results we obtain the behaviors of bounded functions satisfying each of the inequalities
for all , ∈ . Also, as a direct consequence of the stability of (7) we obtain a generalized version of the result of Albert and Baker [3] . Our method of proof also works for investigation of bounded solutions of some other functional inequalities (see [7] [8] [9] ). We refer to [7] [8] [9] [10] [11] [12] for the exponential functional equations, inequalities, and related results. In Section 4, as an application of our result, we obtain the stability of the functional equations:
for all 1 , 1 , 2 , 2 ∈ R, and
and : R 4 → R. As stated in [6] , (8) and (9) arise from a well-known theorem in number theory.
Reducing (8) and (9) to those in the complex numbers and the quaternions, we obtain the stability of (8) and (9); that is, we investigate bounded and unbounded functions satisfying each of the following functional inequalities:
for all 1 , 1 , 2 , 2 ∈ R and for some : R 2 → R + , and we investigate bounded and unbounded functions satisfying each of the following functional inequalities:
We also refer the reader to [5] for another proof of finding general solutions of (8) and refer to [13] for the stability of inequalities (10)∼(13). (6) Throughout this section we assume that is a commutative semigroup if not otherwise specified. An exponential function :
Stability of
We denote -exponential functions by
. It is easy to see that if is uniquely 2-divisible (i.e., for each ∈ there exists a unique ∈ such that 2 = ; we write = /2), then is a -exponential function if and only if
for some exponential function : → C. Throughout this section we denote by :
→ an involution. In the following we exclude the trivial cases when = 0 or = 0.
for all , ∈ . If is a group and is bounded, then
for all ∈ , where
is unbounded, then there exists a -exponential function
: → C such that
for all ∈ , where (0) = ±1. In particular, if ( ) = ≥ 0 for all ∈ , then we have
for all ∈ .
Proof. First, we assume that is bounded (in this case we assume that is a group). Using the triangle inequality with (15) we have
for all , ∈ . Taking the supremum of the left-hand side of (19) with respect to we have
for all ∈ , which implies
for all ∈ . Replacing by (− + ) in (15) and using the triangle inequality with the result we have
for all , ∈ . Taking the supremum of the left-hand side of (22) with respect to we have
for all ∈ . From (21) and (24) we get (16). Now, we assume that is unbounded. Putting = 0 in (15) we have
for all ∈ . Now, using the triangle inequality, (15), and (25) we have
for all , , ∈ . Since is unbounded, it follows from (26) that
for all , ∈ . Dividing (27) by (0) 2 we have
for all , ∈ , where 0 ( ) = ( )/ (0). Thus, 0 isexponential and ( ) = (0) ( ) for some -exponential . Replacing by ( ) in (25) and multiplying (0) in the result we have
for all ∈ . Using the triangle inequality with (25) and (29) we have
for all ∈ . Since is unbounded, we have (0) 2 = 1. Putting = 0 in (15) we have
for all ∈ . Thus, we get (17). For the particular case when ( ) = for all ∈ , replacing ( , ) by ( ( ), ) and ( , ) by ( ( ), ) in (15) and using triangle inequality with the resulting two inequalities, we have
for all , ∈ , which is
for all , ∈ , since ( ) = ( ( )) for all ∈ . Dividing both sides of (33) by | ( )| we have
for all ∈ := { : ( ) ̸ = 0}, where ( ) = ( )/ ( ). Since is unbounded, we have ( ) ̸ = 0 for all ∈ and hence is unbounded. Replacing by 1 ∈ and by 2 ∈ in (34) we have two inequalities. Using the triangle inequality with these two resulting inequalities we have
for all ∈ . Since is unbounded, from (35) we have ( 1 ) = ( 2 ) and hence ( ) := is independent of ∈ . From (34) we have
for all ∈ and ∈ . Since is unbounded we have
for all ∈ . Putting (37) in (15) we have
for all , ∈ . Since ̸ = 0, (0) ̸ = 0, and is unbounded, we have (0) = 1. Thus, we get (18). This completes the proof.
Remark 2.
We have no idea if the case ( ) = − ( ) in (17) occurs or not. For example, it can be verified that if there exists a sequence ∈ , = 1, 2, 3, . . ., such that (1 + ( ))/| ( )| → 0 as → ∞, the case ( ) = − ( ) in (17) does not occur; in particular ( , ) satisfies (18).
Remark 3.
In general, the inequality (16) cannot be replaced by the weaker inequality:
for all ∈ . Indeed, let ( ) = > 0, ( ) = , ( ) = sin , ( ) = cos for all , ∈ . Then we have
for all , ∈ . However, the inequality (39) fails since
As a direct consequence of Theorem 1 we have the following.
Corollary 4. Let : → C satisfy
for all , ∈ . If is unbounded, then is -exponential.
Proof. The inequality (16) implies (43). Now, by Theorem 1, we have
for some -exponential function . Putting (44) to (42) and letting = 0 we have
for all ∈ . Since is unbounded, from (45) we have (0) = 1. This completes the proof.
Theorem 5. Let , : → C satisfy
for all ∈ , where = sup ∈ | ( )|. If is unbounded, then there exists an exponential function : → C such that
for all ∈ . In particular, if ( ) = ≥ 0 for all ∈ , then we have
Proof. Using the same method as in the proof of Theorem 1, we can show that if is bounded and is a group, then satisfies (47). Assume that is unbounded. Using the triangle inequality and (46) we have
for all , , ∈ . Since is unbounded, it follows from (50) that
for all , ∈ . Therefore, is an exponential function: say = . Putting = 0 and replacing by ( ) in (46) we get (48). Assume that ( ) = for all ∈ . Replacing ( , ) by ( , ( )) and ( , ) by ( , ( )) in (46) using triangle inequality with the resulting two inequalities we have
for all , ∈ . Now, using the same method as in the proof of Theorem 1 (after the inequality (33)) we can show that
for all ∈ . Since is an exponential function, we have ( (0)) = (0) = 1 and hence = (0). This completes the proof.
As a direct consequence of Theorem 5 we have the following.
Corollary 6. Let
Proof. If is bounded, the inequality (55) follows from (47). If is unbounded, then, by Theorem 5, is exponential. Thus, from (54) we have
for all , ∈ . Since is unbounded, it follows from (56) that ( ) = ( ( )) for all ∈ . This completes the proof.
Theorem 7.
Let , : → C satisfy
for all , ∈ . If (0) = 0, then
for all ∈ . If (0) ̸ = 0, is a group, and is bounded, then
for all ∈ , where = sup ∈ | ( )|. If (0) ̸ = 0 and is unbounded, then there exists an unbounded -exponential function : → C such that
Proof. Putting = 0 in (57) we have
for all ∈ . If (0) = 0, then we have
for all ∈ . Using the triangle inequality with (57) and using (62) we have
for all , ∈ . Dividing (63) by | ( )| and taking infimum of the right-hand side of the result we get
for all ∈ , which gives (58). If (0) ̸ = 0, using the triangle inequality with (57), using (61), and dividing the result by | (0)|, we have
for all , ∈ , where 0 ( ) = ( )/ (0), 0 ( ) = ( ( ) + (0))/| (0)|. If is bounded and is a group, then by Theorem 5, 0 satisfies
for all ∈ , where = sup ∈ | ( )|. Multiplying (66) by | (0)| we have
for all ∈ . If is unbounded, then by Theorem 5, 0 is exponential function; say 0 = . Putting = 0 in (57) and dividing the result by | (0)| we have
for all ∈ . Multiplying (68) by | ( )|,
for all , ∈ . Using the triangle inequality with (57) and (69) we have
for all , ∈ . Since is unbounded, it follows from (70) that ( ( )) = ( ) for all ∈ . This completes the proof.
for all ∈ . If (0) ̸ = 0, is a group, and is bounded, then 
for all ∈ . If (0) = 0, then replacing by ( ) in (75) we have
for all ∈ . Using the triangle inequality with (71) and using (76) we have ( ) ( ) ≤ ( ) + (0)
for all , ∈ . Dividing (77) by | ( )| and taking infimum of the right-hand side of the result we have
for all ∈ , which gives (72). If (0) ̸ = 0, using the triangle inequality with (71) and (75), replacing ( , ) by ( , ), and dividing the result by | (0)|, we have
for all , ∈ , where 0 ( ) = ( )/ (0), 0 ( ) = ( ( ) + (0))/| (0)|. If is bounded and is a group, then by Theorem 5 we get (73). If is unbounded, then by Theorem 5,  
